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Abstract

Excess wealth transform for Pareto distributions

In the paper the notion of excess wealth transform and stochastic partial order based on it, introduced
by Shaked and Shanthikumar (1998) are considered. The relations of the transform with the Lorenz

curve and with certain variability measures are presented. The excess wealth transforms for Pareto
type probability distributions are derived and their point-wise comparison is studied.

1. Introduction

The concept of variability is a basic one in statistics and related areas, such as
reliability theory, economics, and actuarial science. Since common measures of
variability, like variance, range, as well as coefficient of variation, are based on
a single number and may occur to be insufficiently informative, other methods are
considered in the literature. These methods involve probability distribution func-
tions, their transforms and stochastic orders, which are important tools for measur-
ing and comparing variabilities of probability distributions (or random variables).
The well-known example of such a tool of great importance in assessing income
and wealth inequality are the Lorenz curve and the Lorenz order (see for instance
Marshall et al., 2010). The stochastic comparison of distributions has been a vital
area of research in many diverse areas of statistics, probability and their applica-
tions in finance, actuarial and reliability theories, as well as economics. Many dif-

Ekonomia — Wroclaw Economic Review 26/, 2020
© for this edition by CNS



10 Magdalena Skolimowska-Kulig

ferent types of stochastic orders have been studied. The comprehensive discussion
of them and their properties is available in Shaked and Shanthikumar (2007) and
Muller and Stoyan (2002).

Shaked and Shanthikumar (1998) introduced what they call the excess wealth
transform of the distribution function, which is intimately related to the unscaled
Lorenz curve, and they defined the stochastic order based on point-wise comparison
of the excess wealth transforms of two probability distributions. Independently at
the same time the transform and the related order were studied, as the right spread
transform and the right spread order, by Fernandez-Ponce, Kochar and Mufioz-
Perez (1998). The excess wealth order, its properties and relationships with other
orders, as well as possible applications, were extensively studied by the afore-
mentioned authors and others. The excess wealth order is considered mainly as
a method of comparing risks in actuarial science (Denuit and Vermandele, 1999;
Sordo, 2009; Belzunce et al., 2016) and a tool used in reliability theory (Kayid and
Al-Dokar, 2009; Kochar et al., 2002). Also discussed are its applications in extreme
risk analysis, auction theory (Kochar and Xu, 2013) and analysis of packet trans-
mission processes (Markovich and Krieger, 2013). Fernandez-Ponce, Pellerey and
Rodriguez-Grifiolo (2011) defined and studied a multivariate generalisation of the
excess wealth function and used it for a multivariate stochastic comparison.

In this paper attention is focused firstly on recalling the notion of excess
wealth transforms and their relationships with basic statistical measures of income
and wealth dispersion and inequality. In this part the representation of the Gini
index via this transform is given. The second aim is to derive the excess wealth
transforms for Pareto type probability distributions, which are viewed as being
suitable for modelling income and wealth distributions, and to study the excess
wealth order among these families of distributions.

2. The excess wealth transform and the excess
wealth order

2.1. Definition and basic properties

Consider a random variable X with the probability distribution function
F(t)=P(X<t). The excess wealth transform of distribution F, introduced by Sha-
ked and Shanthikumar (1998) and independently by Fernandez-Ponce et al. (1998)
as the right spread function, is defined as

oo

Wi (p) = f [1 - Fldx, pe 0],
i) (1)
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In the above formula F! is the inverse of F (a quantile function), and in case
the distribution F is not strictly monotone, F~!(p)=sup{x:F (x)<p}.

In the context of economics F if is considered as a distribution of wealth in
some population, F~1(p) (a pth quantile) is the is the largest wealth value such
that 100p% of the population have at most that much and W(p) may be thought
of as the additional wealth (on top of the pth quantile) of the richest 100(1 — p)%
individuals in the population.

The transform (1) also written of the following form:

We(p) = E|(x - F)"], @

where (X)"=max{X,0}. In actuarial literature the function (2) is called the expec-
ted shortfall at level p and represents the expected shortfall of the portfolio with
loss X and solvency capital requirement F~'(p) (see Dhaene et al., 2006).

Usually the excess wealth transform and its properties are studied for non-
negative random variables, however the requirement that X is a nonnegative ran-
dom variable is not necessary for W to be well defined, just the finite mean of X
is needed.

The excess wealth transform Wy(p) is a decreasing function of p, p€[0,1].
Notice that Wy(1)=0 and for nonnegative X with distribution function F and
F~1(0)=0 W,(0)=E(X). The excess wealth transform is location invariant and scale
equivariant which means that for random variable Y=aX+b for some real num-
bers a>0 and b, with the distribution function denoted by G, the excess wealth
transform is of the form

Ws(p)=aW (p),p€[0.1], 3)

where W, is the excess transform of X.
The scale invariant version, called the scaled excess wealth transform (Ko-
char and Xu 2013) is defined as:

WF(p) _ .Lf1(p)[1 - F(x)]dx
EGX) ~ [7[1 - F()ldx

where the mean E£(X) is assumed to be finite and positive.

Examples
1) An equal (egalitarian) distribution, X = c:

We(p) = SWr(p) =0, p € [0,1].
2) A uniform on (a, b):

b —
We(p) = Ta(l —-p)?,
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b—a
- — )2 (o -
SWe(p) = T a (1—p)* (givenb = —a), p€E 01
3) An exponential with a mean 4 > 0:

SWe(p) =1-p, pE [0,1].

Based on the point-wise comparison of excess wealth transforms a stochastic
partial order is proposed (Shaked and Shanthikumar, 1998). It provides a natu-
ral way of comparing the riskiness or dispersion of two probability distributions.
A random variable X with distribution F is said to be smaller than another random
variable Y with distribution G in the excess wealth order (denoted by X <ew Y) if

Wp(p) < W,(p) forall p € [0,1]. @)

It is worth mentioning that, in contrary to the Lorenz order, the excess wealth
order is location invariant, which is directly implied by (3).

2.2. The excess wealth transform and variability measures

Suppose that X is nonnegative with distribution function £ strictly increasing and
F~1(0) = 0. Recall the definition of the Lorenz curve for nonnegative random vari-
able X with the distribution F function and finite expected value E(X) (Gastwirth
1972):

F7l(p)

—
1
Lg(p) :% f xdF(x), pe[01], Q)
0

where F~/ is a quantile function given as F~/(p) = sup{x: F(x) < p}. If F'is a distri-
bution of wealth (or income) in a given population, then L(p) is the proportion of
wealth of the poorest p100%.

The equivalent to (5) representation of the Lorenz curve is given as:

fop Fi(wdu

, ,1]. 6
folF‘l(u.)du pelol] ©

P
1
Lr(p) = mf Flwdu =
0

Shaked and Shanthikumar (1998) revealed the relation of the excess wealth
transform to the Lorenz curve:

W) = EX)[1 + Lp(p)] = (1 = p)F~(p), p € [0,1].

Variance and coefficient of variation may be expressed via the excess wealth
transform and its scaled version (Fernandez-Ponce et al., 1998):
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1 1/2
f [swp(w] ]
0

as well as the truncated variance (Kochar and Xu 2013):

T 2
Var(X) = f [TFTQ;)] dp, CV(X) =
0

Var(X|F~

1 2
W,
[ﬂ] dp,0 <py<1.
1—-po 1-p

Po

It also is possible to derive the Gini index from the excess wealth transform.
Proposition 1 For nonnegative random variable X with distribution function
F strictly increasing the Gini index is of the form:

1

6 = [ swewyap.
0

1
p
G(X) = Zf(P — Lp(p))dp = ZJ lp —%f F_l(u)du] dp
0 ) 0
2 g _
zlfmfo (1 - F-ip)dp.

Notice that W (p) = fplF_l(u)du — (1 —p)F*(p). Hence

1

1 1 1
Wi (] 1 1
jSWp(p)dp :f EF(%) dp = mfpl”l(p)dp - E(X}J(l —p)F Y(p)dp
0 0

-5 (E(X) j (- p)F- l(mdp) e j (- p)F ' (p)dp = G(X)m

Proof
The Gini index is the double area between the Lorenz curve and the egalita-
rian line, so, using the representation (6) of the Lorenz curve it is expressed as:

3. The excess wealth ordering
of Pareto distributions

Pareto distributions are useful modelling and predicting tools in a wide variety of
socioeconomic contexts. One specific field of application is the size distribution
of income. It was the context in which Vilfredo Pareto introduced the concept
in his well-known economics text (Pareto 1897). Pareto observed that in many
populations the number of individuals whose income exceeded a given level x
was well approximated by Cx* for some real C and some a > 0. More precisely,
such an approximation seems to be appropriate for large values of x (which is
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called nowadays Paretian tail behaviour of income distribution). The parameter
a depends on changes in the population and changes in the definition of income
used in deriving the distribution.

As discussed in Arnold (2008, 2015) a lot of empirical studies and several
stochastic models can be used to justify that in the upper tail, income distributions
are reasonably well approximated by Pareto distribution. Since a variety of gener-
alisations of this classical distribution have been proposed, including discrete ver-
sions and multivariate extensions, consequently, variants of the Pareto model are
well accepted as default models for income and more general size distributions.

In the paper, four types of Pareto models are considered, according to Ar-
nold’s classification (Arnold, 2015). For each model the excess wealth transform
as well as its scaled version are derived and the < order is studied.

3.1. Pareto (I) distribution (the classical model)

A random variable X is said to have is said to have a Pareto (I), or classical Pareto
distribution, if its distribution function is of the form:
A\~
F(x; o,a) =1— (E) LX >0,
where 0>0 is a scale parameter and « is a positive slope parameter called is
a positive slope parameter called Pareto’s index (or an index of inequality).
If a>1, the mean of X exists, so does the excess wealth transform:

EX)=0 x
(X)=0_——7

a—1

WFCP)Z%(i_p) , pelo1],

1 a-1

The point-wise comparison of the excess wealth transforms according to the
scale parameter is trivial bearing in mind (3). Moreover, the arrangement of slope
parameters implies the < order among Pareto (I) distributions.

Proposition 2 Let X, and X, be the Pareto (I) random variables with indexes
(0, ;) and (0,, a,) respectively, and 0, < 0,. If 1< a, < @, then X, <__ X,.

Remark Notice that for Pareto (I) distributions with the same scale parameter the
reverse implication holds. Thus for X, and X, with indexes (o, ;) and (0, @,) respective-
ly, a;, a, > 1, the relation X| <_ X, is equivalent to a, < a,. Moreover, given
that the Gini index is of the form ¢(x) = 71_1 the <,,, ordering within the Pare-
to (I) family may be defined by the relationship among Gini indexes.
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3.2. Pareto (Il

The introduction of a location parameter p to the previous model leads to the
second type of Pareto distribution with the distribution function

—a

x—u
F(x; po,0) =1— [1 +—] , x>, oa > 0.
o

In this model
_1
Fi(pp o a) :J[(l—p} 0{—1] + U

and for a > 1:
a

a a-1
We(p) =——7@@-p)a, pe0l]

a-pT, peloi]

; _ a
SWe(p) = @-Dio

The function W is of the same form as for the Pareto (I) model. Therefore,
the same conditions imply < ordering.

3.3. Pareto (Ill)
A Pareto (III) distribution is defined by the distribution function

111
F(x; poy) =1-— "I x>p o oy>o.

1+(%)

A parameter y is called an index of inequality, moreover for u = O it is exactly
equal to the Gini index. In the considered model

Flp=ocll-p) -1 +p
and for 0 < y < 1 the mean of X exists and can be expressed as
EX)=T(A+yI(1-y) +u
where I" is the gamma function. Then
WF(?)) - GVB(l - P: 1-— Y: Y}; P € [011]1

SWF(?)): (1*P:1*}’:V)r pE[Oll]r

a
B
oB(1 —vy,y) +u/y

where B(a, b) and B(x; a, b) are beta and incomplete beta functions, respectively.
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If 1 = 0 the scaled excess transform can be expressed as a regularised version
of incomplete beta function:

SWep)=1(1 -p; 1 -y, v), pe<l[01l]

Proposition 3 Let X,and X, be the Pareto (III) random variables with indexes
(o, uy,v,) and (0,, u,, v,) respectively, and o, < o,. If then X, < X,.

Proof Notice that
1-p

W, (p) = W, (p) = (02 — 1) f [y2x772(1 = x)"=71 — ypx (1 — x)" 7 dx
0

and the integrand changes its sign just once, from + to —. Therefore, to prove
WFz(p) - WFI(p) > 0 for all p € [0,1] it is sufficient to show that the inequal-
ity holds for p = 0. In the Pareto (III) model W,(0) = oyB(1 - y, y). Further-
more, the beta function satisfies the identity B(1—x,x) = , SO

Ty sin(mx)
Wr(0) =0 — Since the last expression is an increasing function of y,
0<y <1, and o, > 0,, the inequality WFZ(O) - W ](0) > ( is satisfied =.
As for the Pareto (I) and (II) models, also in this case for given scale param-
eter the <, ordering of distributions corresponds to ordering of parameters of

inequality.

3.4. Pareto (IV)

The more general Pareto model is given by the distribution function
1 4

vt
F(x; o7, 0) =1— 1+(_P'»)yl X >, o,a,y > 0.
o

In this model
Fi(p) =o[(1—p) M —1]" +p.
Fora>Tand0 <y < I:
_ A +y)r(a—-v)
E{X) = UT + U,

Wr(p) = oyB((1 — )% a—v,y),

B((1-p) Y% a—v,y),

ag
SWr(P) = oB(a —v,y) + 1/y

and if u = 0, the scaled version is

SWe(p) = 1((1 = V% a—v, 7).
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The Pareto (IV) family is neither <, , ordered according to a nor y. To verify
it the following examples may be considered.

Examples
1) Let X, be Pareto (IV) with parameters 0=1,u=0,y=0.5 and a;=1.5, while X,
is Pareto (IV) with parameters 0=1,u=0, y=0.5 and a,=2.5. It is quite straight-
forward to find Wy, and W,and to verify that neither X, <, X, nor X,< , X,.
2) Let X, be Pareto (IV) with parameters o=1, u=0,y,=0.2 and a = 10, while X,
is Pareto (IV) with parameters 0=1,u=0,y,=0.6 and a = 10. Since for instance
W (0.09)>W,(0.09) and W, (0.7)<Wp,(0.7) neither X, <, X, nor X,<, X,.

4. Conclusions

In the paper the definition of the excess wealth transform and its properties in the
context of measuring and comparing income distributions are recalled. It is shown
that for Pareto (I), (II) and (III) models the excess wealth order is implied by
a certain arrangement of their parameters. In particular, comparing distributions
with regard to their excess wealth transforms within the aforementioned families
with the same scale parameter is equivalent to a comparison of their inequality
parameters, and in case the parameter of location is zero (Pareto (II) and (III)) it
coincides with ordering their Gini indexes.
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